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Abstract

A three-phase piezoelectric cylinder model is proposed and an exact solution is obtained for the model under a far-
field antiplane mechanical load and a far-field inplane electrical load. The three-phase model can serve as a fiber/in-
terphase layer/matrix model, in terms of which a lot of interesting mechanical and electrical coupling phenomena
induced by the interphase layer are revealed. It is found that much more serious stress and electrical field concentrations
occur in the model with the interphase layer than those without any interphase layer. The three-phase model can also
serve as a fiber/matrix/composite model, in terms of which a generalized self-consistent approach is developed for
predicting the effective electroelastic moduli of piezoelectric composites. Numerical examples are given and discussed in
detail. © 2001 Elsevier Science Ltd. All rights reserved.

Keywords: Piezoelectric composites; Micromechanics; Effective electroelastic moduli; Generalized self-consistent method; Complex
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1. Introduction

Piezoelectric composites have become an important branch of modern engineering materials with the
recent development of the intelligent materials and structures (see e.g. Gandhi and Thompson, 1992). The
micromechanics of piezoelectric composite materials has attracted a great deal of attention for its appli-
cation in understanding the mechanical and electrical coupling behavior of such materials as well as in
predicting their effective electroelastic moduli. The references listed herein (Honein et al., 1990; Sosa, 1991;
Wang, 1992; Pak, 1992; Dunn and Taya, 1993; Benveniste, 1993; Zhang et al., 1998) are some examples of
the contributions in this area. However such existing micromechanics models for piezoelectric (composite)
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materials are all two-phase models of inclusion (cavity)/matrix. For non-piezoelectric composites the three-
phase models of inclusion/matrix/composite (Christensen and Lo, 1979; Luo and Weng, 1987, 1989; Huang
et al., 1994; Huang and Hu, 1995; Jiang and Cheung, 1998) are developed as an extension of Eshelby’s
ellipsoidal inclusion model (Eshelby, 1957, 1959). In estimating the effective moduli of composite materials,
the three-phase models provide accurate predictions that are well suited for extreme types of inclusions
(from voids to rigid inclusions), and the method also gives the correct asymptotic behavior of composites as
the inclusion volume fraction approaches 1 (fully packed). Besides, the three-phase models can also be used
to study stress and electric field concentrations in piezoelectric composites accounting for interphase layers
between the inclusion and matrix. So it is highly desirable that the three-phase model is further applied to
study piezoelectric composites.

In this paper a three-phase piezoelectric cylinder model is proposed, and an exact solution is obtained for
the case of a far-field antiplane mechanical load and a far-field inplane electrical load by using the complex
potentials for electroelastic materials integrated with the Laurent expansion technique. Subsequently, this
micromechanics model is applied to the investigation of piezoelectric composites. First the three-phase
model serves as a fiber/interphase layer/matrix model, which are used to study stress and electrical field
concentrations induced by the interphase layers. The three-phase model also serves as a fiber/matrix/
composite model, in terms of which a generalized self-consistent approach is developed for predicting ef-
fective electroelastic moduli of such materials. Numerical examples based on the model are given and
discussed, and it can be seen that several classical models and solutions are special cases of the present
model and solution.

2. Model and basic formulation

A cross-section of the three-phase cylindrically concentric piezoelectricity model is depicted in Fig. 1. A
circular piezoelectric fiber is embedded in the intermediate piezoelectric material annulus (the second-phase
material) which, in turn, is embedded in an infinite outer piezoelectric material (the third-phase material).
The three-phase piezoelectric materials occupy the regions Qy, €, and Q;, respectively. They are assumed to
have different material properties, but to have the same material orientation in that they have all been poled
along the x3-direction with an isotropic Ox;x,-plane.

Letting the model be subjected to a far-field antiplane shear and a far-field inplane electrical field, then
only the out-of-plane displacement coupled with the inplane electrical field need be considered so that there
are only the non-trivial displacement w, strains y;3 and y,3, stresses 7;3 and 13, electrical potential ¢,
electrical field components E; and E,, and electrical displacement components D; and D,. The strain—
displacement relations can be written as:

ow ow

VB:@_x]’ Vzaza_xz (1)
and the electrical field is related to the electrical potential by
Sl Sl
El=—— Ey=—— 2
1 ax17 2 axz ( )

The mechanical and electrical coupled constitutive equations (Tiersten, 1969) can be expressed as

ow 0 ow 0
T3 = C446_x1+ elsa—;pl, Ty3 = C44©_xz + 6156—2 (3)
ow 10 ow 10
= — — — — 4
Dy =eys o, di o D, = eys . di . (4)
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Fig. 1. Schematic diagram of a three-phase piezoelectric cylinder model.

where Cy4 is the longitudinal shear modulus at a constant electric field, e;s is the piezoelectric modulus, dy; is
the dielectric modulus at a constant stress field. The equilibrium equation and charge equation (Tiersten,
1969) can be reduced to the harmonic equations:

Viw=0, V=0 (5)

where V? = (8%/0x}) + (0%/0x3) is the Laplace operator.
Eq. (5) shows that the general solutions of w and ¢ can be expressed by analytical functions or complex
potentials ¥(z) and &(z), respectively, where the complex variable z = x; + ix,

w=Re¥(z), ¢ =Red(z2) (6)

where Re denotes the real part of a complex function. The constitutive equations can also be cast into
complex form:

T13 — i‘L’23 = C44 (P/(Z) + 615@,(2) (7)

D] - iDz = 615qj,(2) - d]]djl(Z) (8)

where the superscript prime denotes the differentiation with respect to the argument.
The following definitions are adopted in order to facilitate the analysis.

I. = _/A (T23dx) — T13dx;) = Im[Cus P (2) + €15P(2)]} ®)

Ip=- /AB(Dzdxl — Dydx;) = Imleys¥(z) — dll(p(z)]f 10
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where Im denotes the imaginary part of a complex function, Hﬁ signifies the change in the bracketed
function in moving from point 4 to point B along any arc AB.

The assumption of perfect bonding between adjacent phases of the model enforces continuity of dis-
placements, electrical potentials, stresses and electrical displacements across the interphases, which lead to
the following continuity conditions:

w=w-, ¢ =0, TrI:TrM7 Té:Tg[ onr=a (11)
wM=uS M=09", T™M=T1° TM=T5 onr=0» (12)

where the superscripts I, M, and C refer to the piezoelectric fiber (inclusion), intermediate piezoelectric
material (matrix) and outer (composite) phase of the model, respectively; @ and b are the radii of the
corresponding two circular interfaces.

3. Analysis and solution

In an annular regions the complex potentials ¥(z) and ®(z) can be expanded into Laurent series:

Y(z) =a"lnz+ i iz, &(z) =b"Inz + i b2 (13)

k=—00 k=—00

where a*, b*, a; and b, are complex constants to be determined.
Without loss of generality, let the far-field shear stress 7:13\|2HOC =0 and the far-field electrical field
Eil, . =0, it is seen that taking the following finite terms of the series can arrive at the exact solution:

Pl =id'z, @' =iB'z in Q (14)
. 1 . 1 .
M = 1(AM1 -+ A1Mz> , oM = 1<BM1 -+ Ble> in Q, (15)
z z
. 1 . 1 .
pC :1<AC1—+A1CZ>, o =1<BC1—+BICZ) in Q; (16)
z z

where A", B!, AM, AM, BM,, BM, A€, AS, B¢, and BY are real constants. A4S and BS can be determined by the
far-field conditions. Let

T23|‘z\—>oo = Tg37 D2||z\—>:x: = Dg (17)
then from Egs. (7), (8), (16) and (17), one obtain
—Cody —eisBY =13, —€f3d] +d[ BT = D, (18)
The solution of the above algebraic equation system is
c_ df 19 + efsDj c_ ef515 — CuD) (19)
1 — 27 1 — 2
Cidfy + (ef5) Cidfy + (ef5)

Instead of Eq. (17), if the far-field stress and electrical field conditions are prescribed, i.e. let

T23|‘z‘~>oo =13, E2|\z\ﬁoo = Ej (20)
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then
0 C 10
Ty + ek

C—_
A7 = cc ,
44

B = E; (21)

Substituting expansions (14) and (15) into Egs. (6), (9) and (10), then substituting them into the con-
tinuity conditions (11), we obtain four algebraic equations and determine the following relation between the
constants corresponding to the inclusion and matrix:

AN =pAa' + pB, AM = (P — 1A' + &*P,B! (22)
BM =P4" + P,B', BY, = &?PA' + (P, — 1)B (23)
where

Pr=[(C3 + Cl)dii + (els + eis)els] /4 (24)

= (elsd)i — elsdyy) /4 (25)

( wers — Cige {5)/4‘ (26)
Py = [(e}t +e15)els + (aY +4d),)Ch] /4 (27)
A =2[Chat + ()] (28)

Similarly, the continuity conditions (12) at » = b yields four algebraic equations, in terms of which
following solution is obtained

AS, = [(&* = )P — &*|A" + (& — b*)P,B" + b*Af (29)
BS, = (a* = P )PA" + [(a* — b*)Py — &’ |B' + b°BS (30)
. 20%(C5 04 — €5505)AS + 207 (e504 + d 02) BY (1)
0104 — 0205
B — _ 267 (CHOs — ef501) 4] + 267 (ef505 + d 01) BY (32)
0104 — 0205
where
= (Chy — Co)a@(Py — 1) + (Cyy + C)b°P + (e)s — ef5)a’Ps + (€} + ef5) b°Ps (33)
= (Cii — Ca)@®Pr + (Cli + C)b*Pr + (el — efs)a® (P — 1) + (e + €f5) bRy (34)
= (e}t —es)a* (P — 1) + (e + &5)0*Py — (d)f — df,)a*Py — (dY +d);)b*Ps (35)
Q4 (615 — 615) ZPZ =+ (815 =+ els)bzpz (d%l — dlcl)az(P4 — 1) — (dll\;[ + dlcl)b2P4 (36)

By now all the unknown coefficients in the expressions of the complex potentials (14)—(16) have been
determined exactly, and the various mechanical and electrical quantities for the problem under consider-
ation can be easily obtained from the corresponding equations. The stress field, electrical field and electrical
displacement fields in the fiber and annulus intermediate material are as follows:
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£3 = *C:IMAI - e{SBI (37)
D£ = —e{sAI + dleI (38)
Ey =B (39)

00520 00520
o =M (r2 AM> 15( ; BM> (40)
00529 cos20
DM = ( > _AM> - d}‘f( ; BM —B;“) (41)
00520
B = ———B" + B (42)

The expressions of the corresponding quantities for the outer piezoelectric phase can be written by changing
superscript M of the relevant quantities in Egs. (40)—(42) into C.

The present model and solution are of practical importance. Sections 4 and 5 will focus on demon-
strating their application in two aspects of piezoelectric composites.

4. Stress and electrical field concentrations

Stress and electrical field concentrations in the microstructures constitute an important topic in design,
manufacture and use of piezoelectric composites. Generally it is desirable to alleviate stress and electrical
field concentrations for improving mechanical and electrical strength of materials and structures, but
sometimes we may need a high electrical field concentration to build a sensitive sensor. The three-phase
model can serve as a fiber/interphase layer/matrix model that can be applied to the study of this topic.

4.1. Example 1: Two-phase piezoelectric cylinder model under a far-field antiplane shear and a far-field inplane
electrical field

This is a special case of the present three-phase model. In fact by letting the material properties in regions
Q, and Qs be the same, i.e. letting
(Céll\gaelﬁdll\q[) (szhelSadﬁ) (43)

then the present three-phase model degenerates into the two-phase model and the present solution de-
generates into

AV = 2{[CY(dly + M) + el (el + M) |} + (el — elsa)BY} /4, (44)

= 2{( 44615 Célme]lvsl)A]lw + [615<315 + els) + d (C Cclt4)]Bllvl}/Al (45)
Ay = —a {[ (= L) (dly + ) + ()" = (el)’] AN + 2(elieh, — elsa)BY | /4 (46)
BY, = —a{2(Cliels — Chiel) ) + [(Cl + Ch) (@) = dly) + (1) = (e}s)’] B} / (47)

A= (O + Cl) (@ + ) + (5 + ls)” (48)
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where AM and BM have been given by Eq. (19) or Eq. (21) (noting 4M = 4€, BM = BC), and we obtain the
results of Pak (1992). By using the solution the two-phase model, Pak (1992) studied the electroelastic
coupling behaviors of the microstructures, which will not be repeated here.

In the next three examples the attention is drawn to stress and electrical field concentrations due to
combined action of the inclusion and surrounding interphase layer. To the best of our knowledge, this
aspect has not been studied previously.

4.2. Example 2: Three-phase elastic dielectrical model

In this case
eES = ellvé = elcs =0 (49)

which leads to decoupled stress and electrical fields and the present solution degenerates into

A' = —4p*CYi1Y, ) A, B' = 40*aM DY/ A, (50)

AM =2(Cly — Cy)@’b’ 1),/ 4y, BM = =2(dY — d},)a’b’ D}/ 45 (51)

AV = =2(Cl + Cl)b’13s/ 4y, BY =2(dY +d},)b° DY/ A5 (52)
AS, =207 [(Cl = Cuy)a® + (Cii + Cu) b7 w3/ Ay — b2/ (53)
BS, = “20°[(d) — d},)@® + (d) +d},)b*| D3/ 45 + b° D3 /df

AT = —1%/Cq,  BY =DY/d] (54)

where
Ay = a*(Cly — Ciy) (Cyy — C3y) + 17 (Cly + C) (Cyy + C) (55)
Ay = a(dY —dyy) (dy, — i) + B2 (d) +dyy) (d, + YY) (56)

By using Egs. (37)-(42), it is easy to write the explicit expressions of the stress and electrical fields in the
inclusion, interphase layer and matrix. From above solution, a surprising analogy is seen between the
stress—strain field and electric displacement—¢lectric field. Note that in the latter part of this section, ac-
cording to the physical interpretation of the three-phase model the symbols of the relevant quantities are
changed:

M ~C JM 4C M _C L ~M gL jM _L _M
(C44,C44,d11,d11,123,123,) - (C44,C44,d11,d11,‘523,123,) (57)

where the superscripts L, M in the bracket on the right-hand side refer to the interphase layer and outer
infinite matrix, respectively.

It is seen that for both the two-phase model and three-phase model a constant stress field at infinity
induces a constant state of stress within the inclusion. However, the maximum stress concentration within
the inclusion for a two-phase model without any interphase layer (or with the interphase of zero thickness)
approaches 2, whereas it may be greater than 2 for a three-phase model accounting for interphase layer and
it approaches 4 in the limiting case that Cj, > Cy, > C}} and b > a. The latter is more serious than the
former. The variations of the inclusion stress with interphase layer stiffness (CJ,) are plotted in Fig. 2. From
damage mechanics, the deterioration of a material can be described by the reduction of the material
stiffness. Fig. 2 shows non-monotonic dependence of the inclusion stress on the interphase layer stiffness.
When the stiffness of a very stiff interphase layer gradually decreases, the stress in the inclusion first goes up,
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Fig. 2. Variation of inclusion stress with interphase layer stiffness for various interphase layer thickness (C}/Cl, = 0.01, y = b/a).

then goes down. In the case of very high or very low interphase layer stiffness, the stress in the inclusion
approach zero.

The variation of the stress at point A (see Fig. 1) in the interphase layer is plotted in Fig. 3, which shows
that a very high stress concentration can occur in the interphase layer. The stress at point 4 becomes higher
with a thinner and stiffer interphase layer.

The expressions of the electrical field in the three-phase materials are analogous to those of the stress
field. The maximum electrical field concentration within the inclusion is 2 for a two-phase model without
any interphase layer, whereas it is 4 for a three-phase model accounting for the interphase layer. In the
interphase layer a very high electrical field concentration may occur, which may result in dielectrical
breakdown. The electrical field within the inclusion is very small when the dielectrical modulus d}, of the
inclusion is much higher than that of surrounding materials. This fact will be used to interpret an interesting
phenomenon about the effective piezoelectric modulus of piezoelectric composites in Section 5.

A [0
123/123
25

20 A

15 4

10 4

1g(CL, /CL)

Fig. 3. Variation of stress at point 4 in interphase layer (C}/C}, = 0.01, y = b/a).
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4.3. Example 3: Piezoelectric rod with an elastic interphase layer in the elastic matrix

Piezoelectric composite sensors are often made in this configuration where a piezoelectric rod is em-
bedded in an elastic matrix (usually polymers). Our interest in this case is to maximize the sensitivity of the
sensor, i.e. to maximize the electrical field induced in the piezoelectric rod due to the stress field of
the surrounding matrix. At the same time we are concerned about the reliability problem such as loss of the
sensitivity of the sensor due to interphase layer damage between the sensor and matrix. In this case
els = el = 0. We can also take approximately df; = d}f = 0 (the reason will be given later, referring to Fig.
6), which will considerably simplify our manipulation. By using the present solution, the electrical field
inside the piezoelectric rod (C},, €, d},) with the elastic interphase layer (Ck;) in the elastic matrix (C};) is

LI 120
—4Cye15b°1y;

E) =
2 2
(Cl — €M) | (€L — Ch)dl, + (els)?] @+ (Cl + Cl) [ (Chy + Cl)d + (el ] 2

(58)

This expression shows non-monotonic dependence of the induced electric field within the piezoelectric rod
on the piezoelectric modulus e} of the piezoelectric rod as well as the shear modulus Cj; of the interphase
layer, which is plotted in Figs. 4 and 5, respectively, where C}, = 31.4 GPa, el = 10.4 C/m? (only for Fig.
5), d}, = 7.95 nC*/N'm?. Fig. 4 indicates that maximizing the piezoelectric constant alone will not neces-
sarily maximize the sensitivity of the sensor (piezoelectric rod); it has to be matched with the rest of the
material parameters. Fig. 5 indicates that the mechanical damage (decrease of the stiffness) of the interphase
layer will not necessarily result in reduction of the output of the sensor; in some cases a slight damage may
even result in the increase of the output. Of course, very serious interphase layer damage will certainly lead
to loss of output of the sensor. The two interesting phenomena may be useful in the design and integrity
estimation of piezoelectric composites.
Let Cj, = C}, Eq. (58) degenerate into

B} = =2l e, /[ (€l + Ch)dl, + (els)’] (59)

which coincides with the result of Pak (1992).

100E} /13, (VmvN)

-10 T v -+ T ~ ~— —
-50 40 -30 -20 -10 0 10 20 30 40 50
el (C/m?)

Fig. 4. Non-monotonic dependence of inclusion electrical field on inclusion piezoelectric modulus (C}i/Cl, = 0.01, Cy,/Ci, = 0.1,
y=b/a).
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Fig. 5. Non-monotonic dependence of inclusion electrical field on inclusion piezoelectric modulus (6 = C}/CL,, b/a = 1.1).
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o

Fig. 6. Influence of the dielectric constants in the elastic interphase layer and matrix (C}:CL:C}, = 1:10:100, &) = ek = 0, y = b/a).

Finally, we examine the influence of the dielectric constants (d};,d) in the elastic interphase layer and
matrix. Because df; and 4 are very small (for example, dj; = 0.037 nC?/Nm? for the epoxy, di; = 0.0797
nC?/Nm? for the polymer), their influence is negligible. To illustrate this, the variations of the rod electric
field with d) (taking d}; = d) are plotted in Fig. 6, where C}, = 31.4 GPa, el = —10.4 C/m?, d}, = 7.95
nC*/Nm?, C}:Ci,:C}, = 1:10:100.

4.4. Example 4. Piezoelectric rod with a piezoelectric interphase layer in the piezoelectric matrix

This is a most general case and in computation the electroelastic moduli of the piezoelectric rod is taken
as Cy, = 35.3 GPa, el = 10.0 C/m?, d;; = 15.1 nC*/N m?. In the case of vanishing stress state at infinity, the
inclusion electrical field concentrations are plotted in Fig. 7 as a function of the ratio e} /els of the pi-
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Fig. 7. Electric field concentrations as a function of e} /els (CM:Ck:Ch, = 1:5:10, dM:df:d], = 1:5:10, b/a = 1.1, § = ek /el;).

ezoelectric modulus to that of the inclusion for various efs/e}s and in Fig. 8 as a function of el /el for
various e /e}s, where C):Ck,:Cl, = 1:5:10, dM:d};:d}, = 1:5:10, b/a = 1.1. It is seen that the curves vary
monotonically or non-monotonically depending on the alignment of these piezoelectric moduli. Now we
consider the coupling of the electric field and stress state at infinity. In the case of C}j = Cy, = C},, the
variations of the inclusion electric field with the piezoelectric modulus el /els of the interphase layer for
various stress states at infinity are plotted in Fig. 9. It is seen that the stress field at infinity may take
variation of the rod electric field sharper. We further consider the influence of different alignments of the
electrostatic moduli of the three phase materials. The electric and stress fields in the piezoelectric rod as the
functions of the piezoelectric modulus of the matrix are plotted in Figs. 10 and 11, respectively, where
CY:CL:Cl, = 1:5:10, dM:df;:d], = 1:5:10, e~ = 0.5¢" and b/a = 10. In such cases we may observe very high
concentrations of electric and stress fields.

E}/EY
2.5
i 8=-1
, /\/\
I 8=0
1.5 |
- 5=1
1 1 i 1
~-10 -5 0 5 10

ei‘s/e:s

Fig. 8. Electric field concentrations as a function of ek /el (CM:Ck:Cl, = 1:5:10, dM:d};:d}, = 1:5:10, b/a = 1.1, § = €}l /ely).



4788 C.P. Jiang, Y.K. Cheung | International Journal of Solids and Structures 38 (2001) 4777-4796

Ey/E;
5
AL 1.13,/E} = 50N/Vm
! 2,15, =0
3 3.1% /E% = —50N/Vm
2
1
0
-1
_2P|||1111||1||¢|l|‘||
-10 -5 0 5 10
e:'s/e:s

Fig. 9. Electric field concentrations as a function of ek /el; for various stress states at infinity (C} = Cy, = C,, dM =d} =d|,,
M =el, b/a=10)
eM=el, bla .

E}/E3
45 |

s 1.73,/E? = 50N/Vm
35 [ 2.1, =0
25 3.75/ES =~50N/Vm

T T

-10 -5 0 5

10
M/l
els /els
Fig. 10. Electric field concentrations as a function of e /els for various stress states at infinity (Cyi:Cl,:Ch, = 1:5:10, di:d};:d}; =
1:5:10, efs = 0.5¢ls, b/a = 10).

5. Prediction of effective electroelastic moduli

To estimate the effective elastic properties of traditional (non-piezoelectric) composites, much of the
theoretical study has been focused on the development of micromechanics model. The dilute, self-consis-
tent, Mori-Tanaka (Mori and Tanaka, 1973) and differential schemes are the micromechanics theories that
have received considerable attention, and they have been extended to consider the coupled electroelastic
properties of piezoelectric composites (Dunn and Taya, 1993). The generalized self-consistent scheme is
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Fig. 11. Stress field concentrations as a function of e} /el for various electric field at infinity (C}}:CL,:CL, = 1:5:10, dM:d};:d}, = 1:5:10,

ek, = 0.5\, bja = 10).

another sophisticated micromechanics theory, which has been applied with great success to a number of
problems in predicting the effective elastic properties of composites (Christensen and Lo, 1979; Luo and
Weng, 1987, 1989; Huang et al., 1994; Huang and Hu, 1995; Jiang and Cheung, 1998). However it appears
that this micromechanics theory has not been further applied to predict the effective electroelastic moduli of
piezoelectric composites. The present three-phase model can serve as a fiber/matrix/composite model, in
terms of which a generalized self-consistent approach will be developed for predicting the effective elec-
troelastic moduli of piezoelectric composites.

As is well known, the dilute approximation is a simple micromechanics approach, where the essential
assumption is that the interaction among the reinforced phase in matrix-based composites can be ignored.
The essential assumption employed in the self-consistent theory is that the reinforced phase is embedded in
the effective (composite) medium of as yet unknown moduli, which appears to overestimate the interaction
among the reinforced phase. The generalized self-consistent theory is an improvement on the dilute and
self-consistent theories. The essential assumption of the generalized self-consistent theory is that a fiber (or
inclusion, in Q; in Fig. 1) is embedded in an annular matrix (in €,) which, in turn, is embedded in the
effective (composite) medium (in Q3). The fiber and surrounding matrix make up a representative unit cell,
the size of which is chosen so as to preserve the fiber volume fraction 1 of the composite, that is

g:(gf (60)

General expression for the effective moduli of two-phase perfectly bonded piezoelectric composites can
be derived by considering the volume average of the piezoelectric field variables (see for example Dunn and
Taya, 1993):

Z) =iz +a-nzy" (61)

{Z) =z} + (1 - n{z}" (62)
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where {2} is the generalized stress vector, which consists of stresses and electrical displacement compo-
nents; {Z} is the generalized strain vector, which consists of strains and electrical field components; an
overbar denotes the volume average of a quantity.

Consider the two-phase composite being subjected to homogeneous elastic displacement—electrical po-
tential boundary conditions {Z°} (far-field conditions). By homogeneous boundary conditions it is meant
that when they are applied to a homogeneous solid they result in homogeneous fields. Evaluation of the
volume averaged piezoelectric fields results yields the effective electroelastic modulus matrix [C]:

{Z} =1c{z} (63)

For the problem of antiplane strain and inplane electrical field under consideration, the vectors and matrix
in Eq. (63) are

(T} =[x, D]", {Z} = [ B] (64)
= e W g

Noting that the perturbation of the strain and electrical field vanishes when integrated over the domain of
the entire composite, {Z} can be obtained as

{z} = {2} (66)

This is a generalization of the average strain theorem of elasticity (see for example Aboudi, 1991). Similarly,
we can also obtain

{2} ={z% (67)
where {2°} is the far-field generalized stress. According to the generalized self-consistent theory, the av-
erage stress and strain in a representative unit cell are identical to those in the entire composite. It should be
pointed out that in a representative unit cell Eq. (66) or Eq. (67) can replace Eq. (63) to predict the effective
electroelastic moduli. In fact the three approaches provided by the three equations are equivalent and a
proof is given in the Appendix A. The fact shows also the superiority of the generalized self-consistent
model from another angle.

For the problem under consideration, Eq. (66) can be rewritten as

|| des [ [ ae =, (68)

Q Q

// E§d9+// E)'dQ = nb’E) (69)
Q) Q2

Egs. (68) and (69) can be interpreted as a equivalence of the strain and electrical fields between two different
views of the piezoelectric composite: one regards the piezoelectric composite as an overall effective piezo-
electric medium, and the other goes into the details of the individual phase. Letting

T
{2°} = [1%,0]
and using the exact solution for the three-phase model, Eqs. (68) and (69) can be reduced as

2[a*(1 = P) + B*P] (C5,04 — €5505) — 2(b* — &) P (C5L05 — €5501) = 0104 — 0,05 (70)

— (b — @®)Py(C5,04 — €550) + [a*(1 — Py) + b*P3] (C, 05 — €5501) =0 (71)
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Letting
{2} = (0,53
Eqgs. (68) and (69) can be reduced as
—[&*(1 = P) + b*P] (e$504 + df1 02) + (b — @*) P> (€505 + djj01) =0 (72)

2(b* — &) P (€504 + d1105) — 2[a*(1 — Py) + b*P3] (e5505 + d[01) = 0104 — 0205 (73)

It can be seen that there are only three independent equations in the four Egs. (70)—(73), in terms of which,
three electroelastic moduli C§,, ef and df] of piezoelectric composites can be determined.

5.1. Example 1: Both the fiber and matrix are the elastic dielectric materials

In this case

eis = ellvé =0 (74)
Solving Egs. (70)—(73), we obtain
e, =0 (75)

TR -C )+ r(CY L) M

az(dh _d%[) +b2(d111 +d{\?) M

dS =
! az(a’%\/lI _d{l) +b2(d%[ +d%1) !

(77)

where formula (76) is in agreement with the classical formula predicting the effective longitudinal shear
modulus of a fiber reinforced composite (Hashin and Rosen, 1964; Whitney and Riley, 1966).

5.2. Example 2: PZT-7A fiber reinforced epoxy composite

Here C}, =254 GPa, i, =9.2 C/m?, d}, =4.071 nC*/Nm? for PZT-7A fiber, and C}; = 1.8 GPa,
eM =0, dM =0.03717 nC*/N m? for the epoxy matrix.

The effective electroelastic moduli C§,, € and df; of this piezoelectric composite for various fiber volume
fraction are listed in Table 1.

5.3. Example 3: Porous PZT-5 ceramic

Two cases are considered: (1) with empty cylindrical voids, (2) the voids being filled with polymer. The
electroelastic moduli of the constituent materials are Cj, = 0.64 GPa, e}s = 0, dj; = 0.0797 nC*/N m? for
polymer, and C}; = 21.1 GPa, €}l = 12.3 C/m?, d}f = 8.107 nC*/Nm? for PZT-5 ceramic.

The effective electroelastic moduli C§j, ef and df; of the porous PZT-5 ceramic for the two cases are
listed in Tables 2 and 3 respectively.

From the numerical examples, it is seen that the Eqs. (70)—(73) are very convenient and efficient in
determining the relevant effective electroelastic moduli of piezoelectric composites. They are well suited for
extreme types of inclusions (from voids to rigid inclusions) as well as the full range of inclusion volume
fraction variation from 0 to 1 (fully packed).
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Table 1
The effective electrostatic moduli of a PZT-7A fibre reinforced epoxy composite for various fiber volume fractions
=02 A=04 =05 2=0.6 A=0.7 A=0.8 2=0.9 A=1
CS, (GPa) 2.6167 3.9117 4.8922 6.2770 8.3795 11.938 19.114 25.40
efs (Clm?) 0.0038 0.0132 0.0231 0.0416 0.0808 0.1818 0.5999 9.200
dS, (nC*/Nm?) 0.0555 0.0859 0.1099 0.1456 0.2042 0.3174 0.6260 4.071
Table 2
The effective electroelastic moduli of a cylindrically porous PZT-5 ceramic for various porosity volume fractions
A=0 A=0.1 1=02 2=03 A=0.5 2=0.6 =08 =09
CS, (GPa) 21.100 17.264 14.067 11.362 7.0333 5.2750 2.3445 1.1105
efs (C/m?) 12.300 10.064 8.2000 6.6231 4.1000 3.0750 1.3667 0.6474
dS (nC*/Nm?) 8.1070 6.6359 5.4096 4.3716 2.7102 2.0350 0.9095 0.4355
Table 3
The effective electroelastic moduli of a PZT-5 ceramic with cylindrical voids filled with polymer for various porosity volume fractions
A=0 A=0.1 2=02 =03 A=0.5 2=0.6 =038 =09
CS, (GPa) 21.000 17.473 14.419 11.812 7.5992 5.8726 2.9754 1.7482
efs (C/m?) 12.300 10.064 8.2007 6.6238 4.1006 3.0755 1.3669 0.6475
df (nC*/Nm?) 8.1070 6.6592 5.4488 4.4217 2.7731 2.1014 0.9794 0.5061

It is interesting to observe from Table 1 that the effective piezoelectric modulus of the piezoelectric
composite is very low. When the volume fraction of the PZT-7A fiber with e}; = 9.2 C/m? goes up to 0.9,
the effective piezoelectric modulus of the piezoelectric composite is still at a low value of e$ = 0.5999 C/m?.
An in-depth investigation indicates that the reason for that is the non-homogeneity of the electrical field in
the microstructure of piezoelectric composites. The piezoelectric effect of the PZT-7A fiber reinforced epoxy
composite stems from the PZT-7A fibers. Because the dielectrical modulus of the PZT-7A fiber is much
higher than the epoxy matrix, the electrical field in the PZT-7A fiber (induced by a far-field electrical field) is
very weak (refer to the preceding section), and so the piezoelectric modulus of the PZT-7A fiber reinforced
epoxy composite is small. Keeping the remaining electroelastic moduli (except d}f) of the constituent
materials in Example 1 unchanged, it can be seen that the effective piezoelectric modulus of the piezoelectric
composite increases with the increase of dielectrical modulus of the matrix (see Table 4).

Finally, it should be pointed out that, to the best of the authors’ knowledge, predictions for the three
effective electroelastic moduli Cg,, efs and df; of piezoelectric composites have not been reported. Although
the present algebraic equations for predicting effective electroelastic moduli have been well verified in the
special case of mechanical and electrical decoupling, further verification of the general case of mechanical
and electrical coupling will need to be carried out.

Table 4

The effective piezoelectric modulus varies with the matrix dielectrical modulus
dM (nC*Nm?) 0.0372 0.0471 0.0814 0.2036 0.4071
efs (C/m?) 0.1838 0.2003 0.3792 0.8167 1.3270

Note: The volume fraction of the fiber 4 = 0.8; the remaining electroelastic moduli except d}f of the constituents are the same as those
in Example 1.
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6. Conclusion

(1) A three-phase cylindrically concentrated piezoelectric solid micromechanics model is developed, and
an exact solution for this model under a far-field antiplane shear and a far-field inplane electrical field is
obtained by using complex electroelastic potentials integrated with the Laurent expansion technique.
Several classical models and solutions can be obtained as the degenerated cases of the present model and
solution.

(2) The three-phase model can serve as a fiber/interphase layer/matrix model, which is very useful in
understanding the mechanical and electrical coupling behavior of piezoelectric composites. A number of
interesting coupled electroelastic phenomena is revealed. It is found that in the limiting case the maximum
stress and electrical field concentrations in the piezoelectric fiber approach 4 for the three-phase model that
incorporates the interphase layer, whereas they approach 2 for the two-phase model without the interphase
layer. The stress and electrical field concentrations can go up to a very high level in the interphase layer. The
electrical field induced by the mechanical load in the piezoelectric fiber shows non-monotonic dependence
on the piezoelectric modulus of the fiber and the shear modulus of the interphase layer. The effects may
contribute to maximizing the sensitivity of the sensor and estimating structural integrity.

(3) The three-phase model can serve as a fiber/matrix/composite micromechanics model, in terms of
which a generalized self-consistent approach for predicting the effective electroelastic moduli of piezo-
electric composites is developed. The generalized self-consistent approach is an improvement on the dilute
and self-consistent approaches, and it is well suited for extreme types of inclusions (from voids to rigid
inclusions) as well as the full range of inclusion volume fraction variation. By using the exact solution
obtained, a set of simple and explicit algebraic equations for determining the relevant effective electro-
elastic moduli of piezoelectric composites is derived. Numerical examples are given and discussed in
detail.
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Appendix A. A proof that the three approaches are equivalent for predicting the effective electroelastic moduli

(1) The solution in matrix form for three-phase model
For brevity the relevant quantities in Eqgs. (1)—(10) are put in matrix form

SIS, o
S S € 42

Referring to Egs. (14)—(16), the constants to be determined are also put in matrix form:

Al = _Aii C digy={ %6 (A4)
B P (z)
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where the superscripts i = I, M, C correspond to the fiber, matrix and equivalent composite medium, re-
spectively.
From the far-field condition (17), we obtain

0= { o } = —CCAS = —CC{ Ay } (A5)
D! ! i
The continuity conditions (11) and (12) can be written as
U=t T=T™ onr=a (A.6)
UM=U° T =T onr=5» (A7)

By using Egs. (A.6) and (A.7), and noting A = a?/b*, we can obtain

A =SA",  AM =4S A] (A.8)

Al=—2Q '3 (A-9)
where

s =1 (c") "¢ +1] (A.10)

s =4[ e -1 (A1)

Q=CY(S, +78 ) +C(S, - iS.)) (A.12)

where I is the second order unit matrix.

(2) The average strains and average stresses, respectively, in the fiber and matrix of a representative unit
cell (Fig. 1)

Taking an average of strains and stresses in the fiber and matrix, respectively, we obtain

Z'= A, ZM = —AM = —SA] (A.13)

S=_C'A, M= _CYAM = VS A (A.14)

(3) The average strain Z and average stress 2 in a representative unit cell (Fig. 1)
From Egs. (A.9) and (A.13) and (A.14)

= o 7M1y _ I

Z=72"+(1-2)ZM = [+ (1 - 1)S|)A (A.15)
=201+ (1—-2)S,]Q "2

= = _ _M__ 1~ _ M 1

T=22" 4 (1- )M = —[AC'T+ (1 - 2)CMS, A (A.16)

=2[ACT+ (1 - 2)CVs,]Q 2"

where I is the second order unit matrix.

(4) The equations to predict the effective electroelastic moduli

According to the generalized self-consistent theory, the average stress and strain in a representative unit
cell are identical to those in the entire composites. For a representative unit cell, we can prove that the
following three approaches are equivalent for predicting the effective electroelastic moduli.
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(1) Use Eq. (63)

T=CZ (A.17)
The substitution of Egs. (A.15) and (A.16) into Eq. (A.17) yields

[2CT+ (1 — 2)CVS A" = CAL + (1 — 2)S]A] (A.18)
from which, we obtain

CC = [XCT+ (1 — )CMS | A1+ (1 — 2)S]™ (A.19)
(2) Use Eq. (66)

72=27" (A.20)
or

N =CZ=Cc2° (A.21)
The substitution of Eq. (A.15) into Eq. (A.21) yields

2C I+ (1 —2)S]Q 120 = x° (A.22)

2CI+ (1 - 28] =Q =CM(S, +8)) + C“(S; — 1S)) (A.23)
Substituting Egs. (A.10) and (A.11) into Eq. (A.23), we can obtain

CC = [AC" + (1 = )CYS AT+ (1 - 2)8,]”" (A.24)

which is in exact agreement with Eq. (19).
(3) Use Eq. (67)

z=2x0 (A.25)

Similarly, we can also obtain Eq. (A.19) or Eq. (A.24).

It is seen that the three approaches are equivalent and the fact shows that generalized self-consistent
approach is a better one than the dilute and self-consistent approaches for predicting effective electroelastic
moduli.
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